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SOME REMARKS ABOUT THE FM-PARTNERS OF K3 SURFACES WITH
PICARD NUMBERS 1 AND 2
PAOLO STELLARI
Abstrat. In this paper we prove some results about K3 surfaes with Piard number 1 and 2.
In partiular, we give a new simple proof of a theorem due to Oguiso whih shows that, given an
integer N , there is a K3 surfae with Piard number 2 and at least N non-isomorphi FM-partners.
We desribe also the Mukai vetors of the moduli spaes assoiated to the Fourier-Mukai partners
of K3 surfaes with Piard number 1.
1. Introdution
In some reent papers Hosono, Lian, Oguiso and Yau (see [5℄ and [13℄) gave a formula that
ounts the number of non-isomorphi Fourier-Mukai partners of a K3 surfae. In this paper we are
interested in the ase of K3 surfaes with Piard number 1 and 2.
In the seond paragraph, we reall the formula for the number of the isomorphism lasses of
Fourier-Mukai partners of a given K3 surfae (given in [4℄), whih allows to ount the isomorphism
lasses of Fourier-Mukai partners of a K3 surfae with Piard number 1 (this is also given in
[13℄). As a rst result, we will desribe the Mukai vetors of the moduli spaes assoiated to the
Fourier-Mukai partners of suh K3 surfaes
1
. This gives some information about the geometry of
the Fourier-Mukai partners of the given K3 surfae.
In the third paragraph we prove that, given N and d positive integers, there is an ellipti K3
surfae with a polarization of degree d and with at least N non-isomorphi ellipti Fourier-Mukai
partners (Theorem 3.3). The most interesting onsequene of this result is a new simple proof of
Theorem 1.7 in [13℄ (Corollary 3.4 and Remark 3.5).
We start with realling some essential fats about latties and K3 surfaes.
1.1. Latties and disriminant groups. A lattie L := (L, b) is a free abelian group of nite
rank with a non-degenerate symmetri bilinear form b : L × L → Z. Two latties (L1, b1) and
(L2, b2) are isometri if there is an isomorphism of abelian groups f : L1 → L2 suh that b1(x, y) =
b2(f(x), f(y)). We write O(L) for the group of all autoisometries of the lattie L. A lattie (L, b)
is even if, for all x ∈ L, x2 := b(x, x) ∈ 2Z, it is odd if there is x ∈ L suh that b(x, x) 6∈ 2Z.
Given an integral basis for L, we an assoiate to the bilinear form a symmetri matrix SL of
dimension rkL, uniquely determined up to the ation of GL(rkL,Z). The integer detL:=detSL is
alled disriminant and it is an invariant of the lattie. A lattie is unimodular if detL=±1. Given
(L, b) and k ∈ Z, L(k) is the lattie (L, kb).
Given a sublattie V of L with V →֒ L, the embedding is primitive if L/V is free. In partiular, a
sublattie is primitive if its embedding is primitive. Two primitive embeddings V →֒ L and V →֒ L′
are isomorphi if there is an isometry between L and L′ whih indues the identity on V . For a
sublattie V of L we dene the orthogonal lattie V ⊥ := {x ∈ L : b(x, y) = 0,∀y ∈ V }. Given two
latties (L1, b1) and (L2, b2), their orthogonal diret sum is the lattie (L, b), where L = L1 ⊕ L2
and b(x1 + y1, x2 + y2) = b1(x1, x2) + b2(y1, y2), for x1, x2 ∈ L1 and y1, y2 ∈ L2.
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This result was independently proved by Hosono, Lian, Oguiso and Yau (Theorem 2.1 in [5℄).
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The dual lattie of a lattie (L, b) is L∨ := Hom(L,Z) ∼= {x ∈ L ⊗Z Q : b(x, y) ∈ Z,∀y ∈ L}.
Given the natural inlusion L →֒ L∨, x 7→ b(−, x), we dene the disriminant group AL:=L
∨/L.
The order of AL is |detL | (see [1℄, Lemma 2.1, page 12). Moreover, b indues a symmetri bilinear
form bL : AL ×AL → Q/Z and a orresponding quadrati form qL : AL → Q/Z suh that, when L
is even, qL(x) = q(x) modulo 2Z, where x is the image of x ∈ L
∨
in AL. The elements of the triple
(t(+), t(−), qL), where t(±) is the multipliity of positive/negative eigenvalues of the quadrati form
on L⊗ R, are invariants of the lattie L.
If L is unimodular, L∨ ∼= {b(−, x) : x ∈ L}. If V is a primitive sublattie of a unimodular lattie L
suh that b |V is non-degenerate, then there is a natural isometry of groups γ : V
∨
/V → (V ⊥)∨/V ⊥.
1.2. K3 surfaes and M-polarizations. A K3 surfae is a 2-dimensional omplex projetive
smooth variety with trivial anonial bundle and rst Betti number b1 = 0. From now on, X will
be a K3 surfae. The group H2(X,Z) with the up produt is an even unimodular lattie and it is
isomorphi to the lattie Λ := U3 ⊕ E8(−1)
2
(for the meaning of U and E8 see [1℄ page 14). The
lattie Λ is alled K3 lattie and it is unimodular and even.
Given the lattie H2(X,Z), the Néron-Severi group NS(X) is a primitive sublattie. TX :=
NS(X)⊥ is the transendental lattie. The rank of the Néron-Severi group ρ(X) :=rkNS(X) is
alled the Piard number, and the signature of the Néron-Severi group is (1, ρ−1), while the one of
the transendental lattie is (2, 20− ρ). If X and Y are two K3 surfaes, f : TX → TY is an Hodge
isometry if it is an isometry of latties and the omplexiation of f is suh that fC(CωX) = CωY ,
where H2,0(X) = CωX and H
2,0(Y ) = CωY . We write (TX ,CωX) ∼= (TY ,CωY ) to say that there
is an Hodge isometry between the two transendental latties.
A marking for a K3 surfae X is an isometry ϕ : H2(X,Z) → Λ. We write (X,ϕ) for a K3
surfae X with a marking ϕ. Given ΛC := Λ ⊗ C and given ω ∈ ΛC we denote by [ω] ∈ P(ΛC)
the orresponding line and we dene the set Ω := {[ω] ∈ P(ΛC) : ω · ω = 0, ω · ω > 0}. The image
in P(ΛC) of the line spanned by ϕC(ωX) belongs to Ω and is alled period point (or period) of
the marked surfae (X,ϕ). From now on, the period point of a marked K3 surfae (X,ϕ) will be
indiated either by CϕC(ωX) or by [ϕC(ωX)].
Given two K3 surfaes X and Y , we say that they are Fourier-Mukai-partners (or FM-partners)
if there is an equivalene between the bounded derived ategories of oherent sheaves Dbcoh(X) and
Dbcoh(Y ). By results due to Mukai and Orlov, this is equivalent to say that there is an Hodge
isometry (TX ,CωX) → (TY ,CωY ). We dene FM(X) to be the set of the isomorphism lasses of
the FM-partners of X.
Let M be a primitive sublattie of Λ with signature (1, t). A K3 surfae X with a marking
ϕ : H2(X,Z) → Λ is a marked M-polarized K3 surfae if ϕ−1(M) ⊆ NS(X). A K3 surfae is
M -polarizable if there is a marking ϕ suh that (X,ϕ) is a marked M -polarized K3 surfae. Two
marked and M -polarized surfaes (X,ϕ) and (X ′, ϕ′) are isomorphi if there is an isomorphism
ψ : X → X ′ suh that ϕ′ = ϕ ◦ ψ∗. Form now on, we will onsider the ase of latties M := 〈h〉,
with h2 = 2d and d > 0. The pair (X,h), where X is a K3 surfae and h ∈ NS(X), with h2 = 2d,
means a K3 surfae with a polarization of degree 2d.
2. FM-partners of a K3 surfae with ρ = 1 and assoiated Mukai vetors
In this setion we want to desribe the Mukai vetors of the moduli spaes assoiated to the
M -polarized FM-partners of a K3 surfae X with Piard number 1. By Orlov's results ([14℄),
q = |FM(X)| is the same as the number of non-isomorphi ompat 2-dimensional ne moduli
spaes of stable sheaves on X. Obviously, on a K3 surfae with Piard number 1 and NS(X) = 〈h〉
there is only one 〈h〉-polarization of degree h2 = 2d. So the onept of FM-partner and the
onept of M -polarized FM-partner oinide. If M = 〈h〉 we are sure, by Orlov, that if we nd
q non-isomorphi moduli spaes, then these are representatives of all the isomorphism lasses of
M -polarized FM-partners of X.
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We reall briey the ounting formula for the isomorphism lasses of FM-partners of a given K3
surfae. Given a lattie S, the genus of S is the set G(S) of all the isometry lasses of latties S′
suh that AS ∼= AS′ and the signature of S
′
is equal to the one of S.
Let TX be the transendental lattie of an abelian surfae or of a K3 surfae X with period CωX .
We an dene the group
G := OHodge(TX ,CωX) = {g ∈ O(TX) : g(CωX) = CωX}.
We know (see [2℄ Theorem 1.1, page 128), that the genus of a lattie, with xed rank and dis-
riminant, is nite. The map O(S) → O(AS) denes an ation of O(S) on O(AS). On the other
hand, taken g ∈ G, and given a marking ϕ for X, ϕ ◦ g ◦ ϕ−1 indues an isometry on the lattie
T := ϕ(TX ), thus ϕ denes a homomorphism G →֒ O(T ). The omposition of this map and the
map O(T )→ O(AT ) gives an ation of G on O(AT ) ∼= O(AS).
Theorem 2.1. [4, Theorem 2.3℄. Let X be a K3 surfae and let G(NS(X)) = G(S) = {S1, · · · , Sm}.
Then
|FM(X)| =
m∑
j=1
|O(Sj)\O(ASj )/G|,
where the ations of the groups G and O(Sj) are dened as before.
The following orollary (whih is Theorem 1.10 in [13℄) determines the number q of FM-partners
of a surfae with Piard number 1.
Corollary 2.2. Let X be a K3 surfae with ρ(X) = 1 and suh that NS(X) = 〈h〉, with h2 = 2d.
(i) The group O(AS) is trivial if d = 1 while, if d > 1, O(AS) ∼= (Z/2Z)
p(d)
, where p(d) is the
number of distint primes q suh that q|d. In partiular, if d ≥ 2, then |O(AS)| = 2
p(d)
.
(ii) For all markings ϕ of X, the image of HX,ϕ := {ϕ ◦ g ◦ ϕ
−1 : g ∈ G} ⊆ O(T ) in O(AT ) by
the map O(T )→ O(AT ) is {±id}.
In partiular, |FM(X)| = 2p(d)−1, where now we set p(1) = 1.
Assertion (i) is known and it an also be found in [15℄ (Lemma 3.6.1).
Using the notation of [10℄, we put H∗(X,Z) := H0(X,Z) ⊕H2(X,Z) ⊕H4(X,Z). Given α :=
(α1, α2, α3) and β := (β1, β2, β3) in H
∗(X,Z), using the up produt we dene the bilinear form
α · β := −α1 ∪ β3 + α2 ∪ β2 − α3 ∪ β1.
From now on, depending on the ontext, α ·β will mean the bilinear form dened above or the up
produt on H2(X,Z).
We give to H∗(X,Z) an Hodge struture onsidering
H∗(X,C)2,0 := H2,0(X),
H∗(X,C)0,2 := H0,2(X),
H∗(X,C)1,1 := H0(X,C)⊕H1,1(X)⊕H4(X,C).
H˜(X,Z) is the group H∗(X,Z) with the bilinear form and the Hodge struture dened before.
For v = (r, h, s) ∈ H˜(X,Z) with r ∈ H0(X,Z) ∼= Z, s ∈ H4(X,Z) ∼= Z and h ∈ H2(X,Z),
M(v) is the moduli spae of stable sheaves E on X suh that rkE = r, c1(E) = h and s =
c1(E)
2/2 − c2(E) + r. If the stability is dened with respet to A ∈ H
2(X,Z) we write MA(v).
The vetor v is isotropi if v · v = 0. The vetor v ∈ H˜(X,Z) is primitive if H˜(X,Z)/Zv is free.
As we have observed, the results of Orlov in [14℄ imply that eah FM-partner of X is isomorphi
to anMh(v). We determine a set of Mukai vetors whih orresponds bijetively to the isomorphism
lasses of the FM-partners of X in FM(X). First of all, we reall the following theorem due to
Mukai ([10℄).
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Theorem 2.3. [10, Theorem 1.5 3℄. If X is a K3 surfae, v = (r, h, s) is an isotropi vetor
in H˜1,1(X,Z) = H∗(X,C)1,1 ∩H∗(X,Z) and MA(v) is non-empty and ompat, then there is an
isometry ϕ : v⊥/Zv → H2(MA(v),Z) whih respets the Hodge struture.
If NS(X) ∼= Zh with h2 = 2d = 2pe11 . . . p
em
m , where k ≥ 0, ei ≥ 1 and pi odd primes with pi 6= pj
if i 6= j, then we onsider the Mukai vetors
vIJ = v
j1,. . . ,js
js+1,. . . ,jm
= (p
ej1
j1
. . . p
ejs
js
, h, p
ejs+1
js+1
· · · p
ejm
jm
),
where I = {j1, . . . , js} and J = {js+1, . . . , jm} are a partition of {1, . . . ,m} suh that I ∐ J =
{1, . . . ,m}. The following theorem shows how to determine |FM(X)| of them orresponding to
non-isomorphi moduli spaes of stable sheaves.
Theorem 2.4. Let X be a K3 surfae with NS(X) = Zh suh that h2 = 2d = 2pe11 . . . p
em
m . Then,
for all vIJ as above, Mh(v
I
J ) is a 2-dimensional ompat ne moduli spae of stable sheaves on X.
Moreover, if Mh(v
I1
J1
) ∼= Mh(v
I2
J2
), then vI1J1 = v
I2
J2
or vI2J2 = (s1, h, r1), with v
I1
J1
= (r1, h, s1), where
the multindexes Ik and Jk vary over all the partitions of {1, . . . ,m}.
Proof. The vetors vIJ are all isotropi and they are primitive in H˜(X,Z), so, by Theorem 5.4 in
[10℄ Mh(v
I
J) is non-empty. Moreover the hypothesis of Theorem 4.1 in [10℄, are satised and so the
moduli spaes are ompat. By Corollary 0.2 in [11℄ they are 2-dimensional, while they are ne by
the results in the appendix of [10℄.
If m = 0 or m = 1 then, by Corollary 2.2, we have only one moduli spae with respetively
v = (1, h, 1) in the rst ase and v = (1, h, pe) in the seond ase.
Otherwise we must prove that if
v1 = (r1, h, s1) = v
I1
J1
6= vI2J2 = (r2, h, s2) = v2,
with v2 6= (s1, h, r1), then
Mh(v1) 6∼=Mh(v2)
But by Theorem 2.3 and Torelli theorem, if we put
M1 := v
⊥
1 /Zv1 and M2 := v
⊥
2 /Zv2
then it sues to show that there are no Hodge isometries between M1 and M2. Obviously, it
sues to show that there are no Hodge isometries between the transendental latties whih lifts
to an isometry of the seond ohomology groups.
By denition, a representative of a lass inMi (i = 1, 2) is a vetor (a, b, c) suh that bh = asi+cri,
hene
bh ≡ asi (mod ri),
for i = 1, 2. From now on we will write (a, b, c) for the equivalene lass or for a representative of
the lass. In fat, all the arguments we are going to propose are independent from the hoie of a
representative.
The Hodge strutures on M1 and M2 are indued by the ones dened on H˜(X,Z), so, up to an
isometry, we identify NS(Mh(v1)) and NS(Mh(v2)) with
S1 := 〈(0, h, 2s1)〉 ⊂M1 and S2 := 〈(0, h, 2s2)〉 ⊂M2
respetively.
Now, we an desribe the transendental latties T1 := S
⊥
1 and T2 := S
⊥
2 of Mh(v1) and Mh(v2)
respetively.
If (a, b, c) · (0, h, 2s1) = 0 then bh ≡ 0 (mod r1). Indeed, let us suppose that bh ≡ K (mod r1)
where K 6≡ 0 (mod r1). Then, by simple alulations, we obtain
(a, b, c) = (L, 0,H) +
(
0, n,
n · h−K
r1
)
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as equivalene lasses. Here n = b − kh, for a partiular k ∈ Z, bh ≡ Ls1 (mod r1) and H is an
integer. But now
0 = (a, b, c) · (0, h, 2s1) = −2Ls1 + nh = −2Ls1 + (b− kh)h =
= −2bh+ 2wr1 + bh− kh
2,
with w ∈ Z. So
bh ≡ 0 (mod r1).
This is a ontradition. By these remarks and simple alulations, a lass y in T1, as an element
of the quotient M1, has representative (0, n, nh/r1). But (0, n, nh/r1) · (0, h, 2s1) = nh = 0. So
y = (0, n, 0) and
T1 = {(0, n, 0) : n ∈ TX}.
Analogously we have
T2 = {(0, n, 0) : n ∈ TX}.
By Lemma 4.1 in [13℄ (see also point (ii) of Corollary 2.2), if f : (T1,Cω1)→ (T2,Cω2) is a Hodge
isometry, then all the Hodge isometries from T1 into T2 are f and −f . But in this ase M1 and M2
inherit their Hodge struture from H˜(X,Z). Hene the two Hodge isometries f, g : T1 → T2 are
(0, n, 0)
f
7−→ (0, n, 0) or (0, n, 0)
g
7−→ (0,−n, 0).
Let us show that f annot be lifted to an isometry from M1 into M2. Equivalently, this means
that there are no isomorphisms between Mh(v1) and Mh(v2) whih indues f .
We start by observing that, if (a, b, c) ∈Mi with i = 1, 2, then
(a, b, c) · (0, h, 2si) ≡ −bh (mod ri).
Indeed, if bh ≡ K (mod ri) then a ≡ L (mod ri) and so (a, b, c) = (L, 0,H) + (0, n,
n·h−K
ri
) with n
and H as before. So, (a, b, c) · (0, h, 2si) = −2bh + 2wri + bh − kh
2 ≡ −bh (mod ri) and nh ≡ bh
(mod ri).
Now let us suppose that there is an isometry ϕ :M1 →M2 whih indues f . We an prove that
there is (a, b, c) ∈ M1, with bh ≡ 0 (mod r1), suh that ϕ(a, b, c) = (d, e, f) ∈ M2 with eh 6≡ 0
(mod r2). First of all, by our hypotheses about r1 and r2, we an suppose that there is a prime p
whih divides r2 but whih does not divide r1 (otherwise we an hange the roles of M1 and M2 in
the following argument). By Theorem 1.14.4 in [12℄, there is an isometry
ψ : H2(X,Z) −→ U3 ⊕ E8(−1)
2 = Λ
suh that k1 := ψ(h) = (1, d, 0, . . . , 0), where h
2 = 2d. Let k2 := (0, r1, 0, . . . , 0). Now k1 · k2 = r1
and we an take n := ψ−1(k2). Obviously, the vetor (0, n, n · h/r1) ∈ M1 is suh that n · h ≡ 0
(mod r1). Let us suppose that ϕ((0, n, n·h/r1)) = (d, e, f) with e·h ≡ 0 (mod r2). By the previous
remark, this is equivalent to say that
ϕ
((
0, n,
n · h
r1
))
=
(
0,m,
m · h
r2
)
,
for a given m ∈ H2(X,Z).
Sine rkS1 =rkS2 = 1, either ϕ((0, h, 2s1)) = (0, h, 2s2) or ϕ((0, h, 2s1)) = −(0, h, 2s2). In
partiular, if ϕ orrespond to ase (1) (the same argument holds if ϕ is as in ase (2)), then
n · h =
(
0, n,
n · h
r1
)
· (0, h, 2s1) = ϕ
((
0, n,
n · h
r1
)
· (0, h, 2s1)
)
=
=
(
0,m,
m · h
r2
)
· (0, h, 2s2) = m · h.
In partiular, m · h = n · h = r1 whih is not divisible by r2. This gives a ontradition and thus
eh 6≡ 0 (mod r2).
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The previous remarks show that if
(a, b, c) =
(
0, n,
nh
r1
)
then
ϕ((a, b, c)) = (d, e, f) = (L, 0,H) +
(
0,m,
m · h−K
r2
)
,
with L 6≡ 0 (mod r2). Let us take (0, N, 0) ∈ T1 and
ϕ(0, N, 0) = f(0, N, 0) = (0, N, 0) ∈ T2.
Then
(∗) nN =
(
0, n,
nh
r1
)
· (0, N, 0) =
=
[
(L, 0,H) +
(
0,m,
m · h−K
ri
)]
· (0, N, 0) = mN.
Beause H2(X,Z) is unimodular and (*) is true for every N ∈ TX , we have m− n = kh ∈ NS(X),
where k ∈ Z. But now nh = (0, n, nh
r1
) · (0, h, 2s1) = [(L, 0,H) + (0,m,
m·h−K
ri
)] · (0, h, 2s2) =
mh− 2Ls2 = nh+ kh
2 − 2Ls2 = nh+ 2kr2s2 − 2Ls2. So L ≡ 0 (mod r2) whih is ontraditory.
Repeating the same arguments for g, we see that neither f nor g lifts to an isometry of the
seond ohomology groups. So, by Torelli Theorem, Mh(v1) 6∼=Mh(v2). 
3. Genus and polarizations when ρ = 2
In this paragraph we are interested in the number of non isomorphi FM-partners of K3 surfaes
with a given polarization and Piard number 2.
Our main result is Theorem 3.3. First of all, we reall the following lemma whih is an easy
orollary of Nikulin's Theorem 1.14.2 in [12℄ and whose hypotheses are trivially veried if ρ = 2.
Lemma 3.1. Let L be an even unimodular lattie and let T1 and T2 be two even sublattie with
the same signature (t(+), t(−)), where t(+) > 0 and t(−) > 0. Let the orresponding disriminant
groups (AT1 , qT1) and (AT2 , qT2) be isometri and let rkT1 ≥ 2+ℓ(AT1), where ℓ(AT1) is the minimal
number of generators of AT1 . Then T1
∼= T2.
We prove the following lemma.
Lemma 3.2. Let Ld,n be the lattie (Z
2,Md,n), where
Md,n :=
(
2d n
n 0
)
,
with d and n positive integers suh that (2d, n) = 1. Then
(i) the disriminant group ALd,n is yli;
(ii) if d1, d2, n1 and n2 are positive integers suh that (2d1, n1) = (2d2, n2) = 1 then ALd1,n1
∼=
ALd2,n2 if and only if
(a.1) n1 = n2;
(b.1) there is an integer α suh that (α, n) = 1 and d1α
2 ≡ d2 (mod n
2);
(iii) if Ld1,n
∼= Ld2,n then one of the following onditions holds
(a.2) d1 ≡ d2 (mod n);
(b.2) d1d2 ≡ 1 (mod n).
Proof. Let ed,n = (1, 0)
t
and fd,n = (0, 1)
t
be generators of the lattie Ld,n. Under the hypothesis
(2d, n) = 1, (i) follows immediately beause
ALd,n := L
∨
d,n/Ld,n
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has order |detMd,n| = n
2
and it is yli with generator
fd,n :=
ned,n − 2dfd,n
n2
.
Indeed,
L∨d,n =
〈
ned,n − 2dfd,n
n2
,
fd,n
n
〉
and fd,n has order n
2
in ALd,n .
First we prove that the onditions (a.1) and (b.1) are neessary. The orders of ALd1,n1 and
ALd2,n2 are n
2
1 and n
2
2 respetively with n1, n2 > 0, so n := n1 = n2 (whih is (a.1)). If ALd1,n and
ALd2,n are isomorphi as groups, there is an integer α prime with n suh that the isomorphism is
determined by
fd1,n 7→ αfd2,n.
But now
f
2
d1,n
=
−2d1
n2
f
2
d2,n
=
−2d2
n2
,
and if we want ALd1,n and ALd2,n to be isometri as latties, we must require
−2d1
n2
≡ α2
−2d2
n2
(mod 2).
This is true if and only if
d1 ≡ α
2d2 (mod n
2).
So the neessity of ondition (b.1) is proved. In the same way it follows that (a.1) and (b.1) are
also suient.
Let us onsider point (iii). The latties Ld1,n and Ld2,n are isometri if and only if there is a
matrix A ∈ GL(2,Z) suh that
(∗) AtMd1,nA =Md2,n.
Let Ld1,n and Ld2,n be isometri and let
A :=
(
x y
z t
)
.
Then from (*) we obtain the two relations
(1) d2 = x
2d1 + xzn;
(2) 2y(yd1 + tn) = 0.
By (2) we have only two possibilities: either y = 0 or yd1 = −tn. Let y = 0. From the relation
1 = |det(A)| = |xt− yz| = |xt|
it follows that x = ±1 and so, from (1), we have d1 ≡ d2 (mod n), whih is ondition (a.2).
Let us onsider the ase yd1 = −tn. We know that (d1, n) = 1 and hene y = cn and t = −cd1,
with c ∈ Z. From
1 = |det(A)| = | − cxd1 − cnz|
it follows that c = ±1. We suppose c = 1 (if c = −1 then the same arguments work by simple
hanges of signs). Multiplying both members of relation (1) by d1 we have
d2d1 ≡ x
2d21 (mod n).
But we know that ±1 = det(A) = −xd1 − nz and so −xd1 ≡ ±1 (mod n). Thus
1 ≡ x2d21 (mod n)
and from this we obtain (b.2). 
Now we an prove the following theorem (note that point (iii) and (v) are exatly Theorem 1.7
in [13℄).
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Theorem 3.3. Let N and d be positive integers. Then there are N K3 surfaes X1,. . . ,XN with
Piard number ρ = 2 suh that
(i) Xi is ellipti, for every i ∈ {1, . . . , N};
(ii) there is i ∈ {1, . . . , N} suh that Xi has a polarization of degree 2d;
(iii) NS(Xi) 6∼= NS(Xj) if i 6= j, where i, j ∈ {1,. . . , N};
(iv) |detNS(Xi)| is a square, for every i ∈ {1, . . . , N};
(v) there is an Hodge isometry between (TXi ,CωXi) and (TXj ,CωXj ), for all i, j ∈ {1,. . . , N}.
In partiular, Xi and Xj are non-isomorphi FM-partners, for all i, j ∈ {1,. . . , N}.
Proof. The surjetivity of the period map for K3 surfaes implies that, given a sublattie S of Λ
with rank 2 and signature (1, 1), there is at least one K3 surfae X suh that its transendental
lattie TX is isometri to T := S
⊥
.
So the theorem follows if we an show that, for an arbitrary integer N , there are at least N
sublatties of Λ with rank 2, signature (1, 1) and representing zero whih are non-isometri but
whose orthogonal latties are isometri in Λ.
Let us onsider in U ⊕ U →֒ Λ the following sublatties
Sd,n := 〈


1
q
0
0

 ,


0
n
1
0

〉,
with (2q, n) = 1 and n > 0.
We an observe that, when n and d vary, the latties Sq,n are primitive in Λ and the matries
assoiated to their quadrati forms are exatly the Mq,n. Sine Mq,n has negative determinant, the
lattie has signature (1,1). Moreover, Sq,n represents zero
Let n > 2 be a prime number suh that n > d2N4. We hoose d1 := d, d2 := d2
2
,. . . , dN = dN
2
.
By denition, there is an integer αi suh that (αi, n) = 1 and
α2i d1 ≡ di (mod n
2),
for every i ∈ {1, . . . , N}. Thus the hypotheses (b.1) of Lemma 3.2 are satised and by point (ii) of
the same lemma,
ASd1,n
∼= ASdi,n
∼= ASdj,n ,
where i, j ∈ {1, ..., N}. By Lemma 3.2, there are isometries
ψi : S
⊥
d1,n
→ S⊥di,n,
with i ∈ {2, ..., N}. Now let (X1, ϕ1) be a marked K3 surfae assoiated to the lattie Sd1,n. By the
surjetivity of the period map we an onsider the marked K3 surfaes (Xi, ϕi), with i ∈ {2, ..., N},
suh that
(1) ϕi,C(CωXi) = ψi,C(ϕ1,C(CωX1));
(2) ϕi(NS(Xi)) = Sdi,n;
(3) ϕi(TXi) = S
⊥
di,n
.
Obviuosly, the surfaes Xi are FM-partners of X1.
Now we show that, when i 6= j,
Sdi,n 6
∼= Sdj ,n.
First of all we know that, obviously, dj 6≡ di (mod n) if i 6= j. On the other hand,
didj < d
2N4 < n,
so
1 6≡ didj (mod n).
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Hene, by point (iii) of Lemma 3.2, the latties an not be isometri. The K3 surfaes X1, . . . ,XN
are obviously ellipti and the disriminant of their Néron-Severi group is a square. Moreover X1
has a polarization of degree 2d.
This shows that it is possible to nd N K3 surfaes whih satisfy the hypotheses of the theorem.

The previous theorem gives a new proof of the following result due to Oguiso ([13℄).
Corollary 3.4. [13, Theorem 1.7℄. Let N be a natural number. Then there are N K3 surfaes
X1,. . . ,XN with Piard number ρ = 2 suh that
(i) NS(Xi) 6∼= NS(Xj) if i 6= j, where i, j ∈ {1,. . . , N};
(ii) there is an Hodge isometry between (TXi ,CωXi) and (TXj ,CωXj), for all i, j ∈ {1,. . . , N}.
Remark 3.1. The proof proposed by Oguiso in [13℄ is based on deep results in number theory.
In partiular, it uses a result of Iwanie [7℄ about the existene of innitely many integers of type
4n2+1 whih are produt of two not neessarily distint primes. Theorem 3.3 gives an elementary
proof of Theorem 1.7 in [13℄ entirely based on simple remarks about latties and quadrati forms.
Lemma 3.1 is true also when L = U ⊕ U ⊕ U . The period map is onto also for abelian surfaes
(see [16℄). Thus, using the latties Sd,n desribed before, the following proposition (similar to a
result given in [6℄) an be proved with the same tehniques.
Proposition 3.5. Let N and d be positive integers. Then there are N abelian surfaes X1,. . . ,XN
with Piard number ρ = 2 suh that
(i) NS(Xi) 6∼= NS(Xj) if i 6= j, with i, j ∈ {1,. . . , N};
(ii) there is i ∈ {1, . . . , N} suh that Xi has a polarization of degree 2d;
(iii) there is an Hodge isometry between (TXi ,CωXi) and (TXj ,CωXj), for all i, j ∈ {1,. . . , N}.
The following easy remark shows that it is possible to obtain an arbitrarily large number of
M -polarizations on a K3 surfae, for ertain M .
Remark 3.2. Let N be a natural number. Then there are a primitive sublattie M of Λ with
signature (1, 0) and a K3 surfae X with ρ(X) = 2 suh that X has at least N non-isomorphi
M -polarizations. In partiular X has at least N non-isomorphi M -polarized FM-partners.
In fat, let S ∼= U , where U is, as usual, the hyperboli lattie. Then, by the surjetivity of the
period map, there is a K3 surfae X suh that NS(X) ∼= S.
Let d be a natural number with d = pe11 . . . p
en
n . In S there are 2
p(d)−1
primitive vetors with
autointersetion 2d. Indeed they are all the vetors of type
f IJ := (p
ej1
j1
. . . p
ejs
js
, p
ejs+1
js+1
· · · p
ejn
jn
),
for I and J that vary in all possible partitions I ∐ J = {1, . . . , n}.
The group O(U) has only four elements (i.e. ±id, the exhange of the vetors of the base and
the omposition of this map with −id). So it is easy to verify that all these polarizations are not
isomorphi. Choosing d to be divisible by a suiently large number of distint primes, we an
nd at least N non-isomorphi M -polarizations. The last assertion follows from Lemma 3.1.
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